Mathematical Induction

Proofs by Induction

Prove the following by induction:

1
(a) 1+2+3+...+n=5n(n+1)

(b)) I’+2°+3*+..+n’ :%n(n+l)(2n+1)

(¢) x™—y™ isdivisible by x +y for any integers  x, y and positive integer n.
1 2

d 1P+2°+3+..+n° =[5n(n+l)}

(€ 2x1+3x2+4x2*+5x2°+ .. .tonterms=n2"

1 11 1 1 1 1 1
o 1-——+——+.—= + + +ot—

2 3 4 2n n+l n+2 n+3 2n

(g 2™ —1isdivisible by 15.
(h) There are %n(n —3) diagonals in a convex n-sided polygon (n > 3).

i) mn>2, a,a,...,a, by,by...,byeR,

(a,+a, +..+a,)(b, +b, +..+b )= [Z aibjj => (Z aiij

= i=1

(When m = n = 2, what formula does this reduce to ?)
G) 3"*=n’ forn>20.
(k) 2">n’> forn>S5.
0 i n(n+1)(n+2)..(n+p-1) m(m+1)(m+2)..(m+p)

P p! (p+D!

!
(m) Cn S N always an integer.
r rl(n—-r)!

(n) 2x4™"+3"1 s divisible by 11.
(0) 4™ +3™? s divisible by 13.

p) L+ ! +...+L<1

n+l n+2 2n

(@) The number of pairs of non-negative integers (X, y) satisfying x+2y=n is %(n +1) +i[l +(-D" ]
(a) Provethat 2™ isa factor of (\/§+ l)zn+l - (x/g—l)bHl vV neNu {0}

(b) Prove that (3 +/5 )ﬂ + (3 —J5 )n is divisible by 2" for all positive integers n.

Two persons play the following game. Take two collections of marbles of the same quantity. Each player can
take out any number of marbles from any collection each time. They are not allowed to take from both

collections at one time. The one who picks the last marble wins. Show that the one who starts later wins.



(a) ShowthatVn e N, (\/szrl—rn)n:an\/ranrl—bn ,where a,,b,eZ meN.

(b) Show that for any n € N, we can find a natural number N with (\/ m’+1— m)n =JN+1-+/N.

Prove by induction,

X1+ X (1+x1) + X3 (1+x1) (1+X2) + ... #[Xn (14x1). .. (14xp.1)] = (14x1) (14X2) ... (14%,) — L.

Deduce a well-known formula by putting x; =x;, = ... =X, =X.

Show that the sum of the first n odd positive integers is a perfect square.
The odd positive integers are arranged in blocks with n integers in the nth block, so that

a=1l,aa=3+5a3=7+9+ 11, etc.

. . N 1
Find an expression for a, and deduce that Z r’=—n’(n+1)>.

r=1
= 1
Show that: Z r’ :an(n +1)’(2n* +2n-1)
r=1

by considering the situation in which the nth block has n” integers.

(i) Let f(x) be a convex function defined on [a, b], i.e. f(x,)+f(x,)<2f XrXs for all x, X, € [a, b].
1 2 2

For each positive integer n, consider the statement:
..+
In):If x;efabl, i=12,...,n then £(x,)+...+f(x, )< nf(u).
n
(a) Prove by induction that I(2k) is true for every positive integer k.
(b) Provethatif I(n) (n=2)is true, then I(n-1) is true.

(¢) Provethat I(n) is true for every positive integer n.

(ii) Provethat f(x)=sinx isconvexon [0, n] and hence that

0,+0,+..+0,

1
—(sin®, +sin6, +...+sin6, ) <sin for 0<6;<m
n

n
Let us have a sequence of numbers (Fibonacci’s series): 0, 1, 1,2, 3,5, 8, 13, 21, ....
This sequence is determined by the following conditions: Upg=up,+u,;(m=>1) and
(i) Show that there exist the following relations:

(@A upp=uytuytwut..+u,+1

(b) upme=urtuztus+ .. Fusn

© wpm=ltuwmtut.. +uy

(d —upitl=u—uwtuz—...+uy—uy

(&) wptl=uy-—wtuz—us+t... +uyyy

) Wt =u’tw’+ )

(€9) Uon” = Uty + Uglly + .. + Ugy Uy

(h) U U2 —UpUp3 = (—l)n

) U U U = DM

. 4 _
() Un —UnoUngUnsi Upep = 1

uo=0,u1=1.



10.

11.

12.

13.

14.

15.

16.

17.

(ii) Compute the sum

(iii) Prove the relations:
(a) un+p—1 = un—lup-l + unup
2 2
(b) upi=uy Fung

(C) U2p-1 = UpUp+1 — Up2Up-g

3 3 3 _
Uy + Up+] —Up-p = U3p .

)

C*,,, where

(iv) Prove that:

2
(v) Prove that: u, =
k=0

Prove the identity:

1 1 1 1 1 1 1 1 I 1 1
(122523 e - e
2 4 3 6 8 2n—-1 4n-2 4n/) 2 2 3 4

Prove the following identities:
1
q+2

(i) Z 1 1{1_ 1

= X(x+1)...(x+Qq) =E

(@) XZ:n:x(x +1)..(x+q) =

k=n 1 _an 1 _ n-1 1 _ n—k+1
Prove that: Z( a’ ) ? )k (-a ) =n
k=1 —a

2
Let F,(2)=——(1-2)+——
1-q 1-q

Prove the identity:

Prove the identity:

b+c+d+...+k+7 b C

q! n(n+1)..(n+q)

(1—Z)(l—qz)+...+1q

n(n+1)..(n+q+1)

L

n

_q"

(1-2)(1-g2)..01-q""2),

1+Fy(2) - Fiqz) = (1 -qz)(1 - q’2) ... (1 - q"2) .

d

1
2n-1

1

2n

)

-1
[HT} is the largest integer smaller than or equal to 1

1

= + + +..+
a(a+b+c+..+k+/¢) a(a+b) (a+b)a+b+c) (a+b+c)a+b+c+d) (a+b+..+k)a+b+...+k+7)

Prove the validity of the identity:

I+—

1 N a+l N (a+1)(b+1) - (a+1)(b+1)..s+D)(k+1) _ (a+1)(b+1)..s+D)(k+1)(L+1)

a ab abc abc...sk/

Check the identity:  (1+x)(1+x)(1+x*)(1+x% )= T+ x +x% +x* 4.4 x|

abc...sk/

. . X x’ x* x> 1 x—-x>
Prove the identity: + + +...+ — = .
1-x* 1-x* 1-x% 1-x° I-x 1-%?
1 1 1 1 1
Prove the identity: my +..+ = + +ot—
2n+1 [2° -2 (2n)’-2n| n+1 n+2 2n

2“4).
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19.

20.

21.

22,

23.

Let the pairs of numbers:  (a, b), (a;, by), (a3, by), ... be obtained according to the following law:

a+b a, +b a, +b a,+b
a, = ,bj=—"—,a,=——L b, =21, ...

2 2 2 2
Prove that:

2 1 2 1
an=a+—(b—a)[1——), bn=a+—(b—a)[1+ j
3 4" 3 2x4"

Let the real numbers p, andq, be defined by:

p, = %(pn_1 +q,,) and p,q,=k?, where k isa positive constantand py, qo are fixed real
numbers.
If po>k>qo, showthat pyi>p,>k>@qy>qn1>0

and if p, =k(1+2X ),showthat A <A,™.

_ X&+D(x+2)..(x+n-1)

If u, '
n!

, show that
p

@ Du,(x)=u,(x+)-I
n=1

1 1
b O<u |—

n+l

1 1 1- 1-3-5---(2p— 1
Hence show that 1>—+ + 3 +...+ 3:5:(2p 3)>1— .
2 24 2.4.6 2-4-6-(2p) V2p+1

Let ¢, =sa+(,_,, ¢,=+a. Showthat ¢ <+a+1 and ¢ </

n-1 n-*

d 1
(a) Prove that }:fzgnm+ugn+u,

i=1

hence evaluate: 1n+2-(n—-1)+3-(n-2)+-+n-l.

L . 1 1 1
(b) By mathematical induction, show that: 1+ +ot——<2Vn .

NN

n

2

Hence deduce that: (gj <nl< {%n(n +1D(2n+ l)}

Let aj, a,.... bean arithmetic sequence of positive real numbers. Prove that:

1 1 1 n-1
+ +.ot =
vJa, +4/a, 4a, +4/a, Ja,, +4a, +Ja, +4/a,




